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T he purpose of th is research was th e e stab lish m en t o f th e law of efflux from a vessel u n d e r pressure th ro u g h a suddenly opened orifice of c o m p arativ ely large dim ensions.
In order to sim plify th e ap p ro ach to th e problem , it w as decided to in v estig ate th e efflux o f an incom pressible fluid, e.g. w ater. The m eth o d s o f ap p ro ach w ere based on analogies w ith electric circuit theory, a n d accordingly a n a p p a ra tu s w as b u ilt in w hich th e eq u iv a le n t o f a.c. experim ents w ith reso n an t circuits could be p erform ed. A n orifice in th e a p p a ra tu s re p re sented th e in ertia in th e re so n an t sy stem .
A coustic th eo ry gives th e in ertan ce o f such a n orifice for infinitesim al am p litu d es. I n th e experim ents described, th is in ertan ce w as m easured a t a wide range o f finite a m p litu d es, b y observations of phase shift betw een pow er in p u t a n d d isplacem ent a t th e orifice. B y th is m eans it was possible to d eterm ine th e e x a c t resonance frequencies of th e h y d rau lic sy stem in spite of its high dam ping. B y th is m eans, th e effective m ass or in ertan ce of th e fluid flowing thro u g h th e orifice w as deduced.
In th e course of these ex perim ents some in terestin g flow phenom ena, to th e a u th o r's k n o w ledge n o t previously recorded, were observed a n d p h o to g rap h ed . T here a p p e a r to be th re e d istin ct m odes of flow, as com pared w ith th e tw o com m only observed in th e ste a d y sta te .
The contraction coefficient of th e flow th ro u g h th e orifice was found to be u n ity for sm all am plitudes an d to app ro ach th e ste a d y sta te value for large am p litu d es.
The differential equ atio n of th e efflux th ro u g h a sud d en ly opened orifice is s ta te d a n d its solution given. A num erical exam ple is w orked o u t w ith th e co n sta n ts d erived from m easu re m ents an d th e results are show n by graphs. T hey were checked b y visual o b serv atio n th o u g h a recording of th e efflux ex p erim en t w as n o t found possible. I t can be seen th a t a su ctio n effect m u st follow a discharge. F u rth e r th a t th is suction an d th e following oscillations are p ractically independen t of th e pressure in th e vessel before th e discharge, p ro v id ed th is pressure is above a certain value. These findings are of in te re st in connexion w ith th e e x h a u st phenom ena in in tern al c om bustion engines, in p a rtic u la r those w orking on th e tw o -stro k e cycle.
The problem of efflux of a fluid from a vessel through an orifice is usually treated by a step-by-step integration of a supposedly steady flow. When the rate of change of flow is small, this treatm ent provides a very good approximation. Recent develop ments, however, particularly in the field of two-stroke engines, have shown the inadequacy of this treatm ent of the efflux problem, which leaves out of account the inertia of the gas in the orifice. Hence a study of this aspect of the problem was undertaken. The problem is posed thus: W hat is the active inertia of a fluid flowing through a thin circular orifice in an infinite wall and what is the resistance opposing the flow ? Further, does the latter differ from the resistance obtaining under con ditions of steady flow ?
In order to simplify the problem, it was decided to experiment with an incom pressible fluid, i.e. water, and a suitable apparatus was accordingly built. Figure 1 shows diagrammatically the general arrangement. A pressure vessel of 12 in. diameter is divided horizontally-into two halves by a diaphragm (D) to which dif ferent nozzles and orifices (0) can be secured. This diaphragm is made slightly [ 347 ] conical so as to bring the actual orifice into view through the 4 in. square plate-glass windows (If) let into the upper portion of the pressure vessel on two opposite sides. A 2 in. diameter window {L) is provided on the same level as, and half-way between, the two square ones for cross-illumination of the flow. The lower half of the vessel contains an inner cylinder (Q) 9 in. in diameter which makes up an annular space with the outside wall, closed on top and open a t the bottom. This space can be filled with air through a valve (F) and its function is th a t of a spring in the oscillating system in which the mass is provided by the water in and around the orifice. Right a t the bottom of the apparatus is a horizontal cylinder of 2 in. diameter in which a plunger (P) can be oscillated through a long connecting rod (P) by an adjustable throw crank (S) fixed to a heavy flywheel (M) and driven by a variable speed electric motor. Originally it had been intended to have air, compressed if necessary, above the water surface in the upper portion of the vessel only, to make forced oscillations of the water through the orifice by means of the plunger and to obtain a record of the periodic variations of pressure below the diaphragm. These records, it was thought, might subsequently be analysed into a Fourier series with a view to obtaining the values of inertia and resistance. These hopes were however disappointed in spite of a protracted struggle, because all manner of incidental pressure variations and oscillations completely covered up any inertia effects there may have been. The idea then presented itself of turning the whole thing into a free oscillating system in which the mass represented by the inertia in the orifice could be accurately determined. The 'air spring' described above was added for this purpose. I t will a t once be apparent th at this arrangement constitutes a simple Helmholtz resonator with water substituted for air in the orifice. This formula is based on the assumption of uniform velocity over the whole area of the orifice and takes the inertia of the orifice to be th at of a tube of the same diameter and the length (Rayleigh 1878)
This is equivalent to twice the ' end-correction ' for a pipe of length Z->0 terminating in a flange. The orifice finally adopted for the whole series of experiments was made of phosphor-bronze 0*3 mm. thick and soldered a t the circumference to a brass ring which in turn was screwed to the diaphragm in the apparatus. The orifice was 2*231 cm. in diameter and had very carefully machined sharp edges. This is im portant because an orifice with rounded edges is equivalent to a thin and sharp-edged one of slightly larger diameter. For instance, an orifice plate, 3 mm. thick, with edges rounded to 1*5 mm. radius and a diameter of 1*333 cm., was found to be equivalent to a thin and sharp-edged orifice of 1*485 cm. diameter.
With the orifice of 2*231 cm. diameter and an air-spring volume V = 7700 c.c., the resonance frequency for very small amplitudes was found experimentally as f r = 2*7 sec.-1. Theoretically . 1 / / 2 .1 1*27 \ r~2 i t J\ 7*7 0 . 103 1*0 2 . 10-6 / " ' S e C ' ' This is adequate proof, if proof were needed, of the validity of acoustical theory. The theory, however, considers small amplitudes only, and flow patterns assume quite a different character at larger amplitudes, as will be seen from the accom panying plates. The photographs were taken with cross-illumination of a plane through the axis of the orifice. They represent, as it were, a central cross-section of the flow pattern. Figure 2 was taken a t a small amplitude, about 0*5 mm., and exposed for half a dozen cycles or so. The slow random convection a t the rate of 1 mm./sec. or thereabouts should be discounted. The amplitude is so small th a t the conditions approach those of infinitesimal amplitude postulated by acoustic theory. Accordingly it will be observed th at the amplitude of oscillations increases from the centre of the orifice towards the edge without, of course, reaching the infinite velocity a t the edge which should occur in the ideal fluid. The viscous boundary layer is responsible for that. I t is quite possible th at the inertance of the orifice is increased by the non-uniform velocity distribution but, owing to the high degree of damping, the resonance frequency cannot be determined to much less than 2 % error. The difference in theoretical frequency between uniform and outwardly increasing velocity distributions, as calculated by Rayleigh, is of the same order. Figure 3 , which was taken under similar conditions as figure 2 but a t an ampli tude of about 1-5 mm., shows th a t this increase of velocity towards the edge disappears as soon as appreciable amplitudes are reached. Here the velocities are substantially uniform at any rate to very near the edge of the orifice, a fact which was confirmed by other observations and photographs not reproduced. Another notable point is the movement of fluid from the edge towards the centre. This is due to the centrifugal force acting on those fluid particles which perform a semicircular movement from one face of the orifice to the other. This takes place however small the amplitude and its inevitable consequence is a slow movement axially away from both sides of the orifice. For very small amplitudes this move ment consists of small forward and backward steps of each fluid element and friction dominates, so th at each fluid particle stops and reverses when the displacement reverses. If the amplitude is increased beyond a definite critical limit,, a sudden change takes place. The 'viscous structure' of the liquid suddenly breaks down and a slow, perfectly laminar jet develops along the axis of the orifice and away from it on both sides (see figure 4). These jets flow steadily a t the rate of a few cm./sec. and the oscillations are merely superimposed on them in the neighbourhood of the orifice.
When the amplitude is increased beyond the point of the steady laminar regime, a different flow pattern makes its appearance. The instant the fluid begins to emerge through the orifice, a vortex ring starts from the orifice and is then followed by the jet proper. The jet is, as it were, capped by a vortex ring and looks somewhat like a mushroom rapidly growing out of the orifice. During the negative half cycle the orifice acts as an orthodox sink which cuts off the lower end of the outgoing jet. A static photograph gives only a very imperfect impression of this swiftly moving phenomenon (figure 5).
Whatever the amplitude and velocity the jet is always preceded by a vortex ring. Turbulence is most violent just behind the vortex ring and then settles down Somewhat. The end of such a turbulent jet is shown in figure 6 . The inward velocity near the orifice plane persists from the previous 'suction stroke'. In the orifice will be seen two specks in the process of reversing. No photograph of the front end of the jet could be secured. Its appearance is very similar to the smoke cloud in front of a heavy gun a moment after it has been fired. The mechanism is presumably similar. I t is this form of turbulent, interm ittent jet which has fre quently been observed in connexion with Helmholtz resonators.
For all the subsequent measurements and calculations, the customary acoustical units have been used (Olson 1940) , and a short list of them together with their dimensions and mechanical and electrical equivalents is given below: The observation of resonance frequencies for different amplitudes was carried out in the following manner. A wooden float was placed on the upper free surface of the water and protected against the impinging jet from the orifice below. A glass tube fixed to the centre of the float was brought out clear of the apparatus. I t carried a t its topmost end a fine horizontal crosswire which could be viewed through a microscope containing an ocular scale. W ith the dimensions used the ratio of the displacements a t the orifice and the float was 186*5 to 1, so quite a high order of magnification was needed to observe the smaller amplitudes. The curves in figure 7 show the actual volume displacements against frequency for different strokes of the driving plunger. I t must be remembered th a t it is not the displacement but the volume current (velocity) which reaches a maximum at the point of resonance. The volume currents against frequency curves, calculated from the displacement curves, are shown in figure 8. The position of the current peaks thus found is not very accurate because a slight change of the slope of the displacement curve results in a considerable shift of the current peak. A different method of determining the resonance point independently was therefore resorted to.
The resonant frequency f r of an acoustical system of one degree of freedo f r= 2t
and pressure and volume current are in phase. Hence pressure and displacement are 90° out of phase. In other words the frequency at which the displacement of the driving plunger and the displacement of the fluid are 90° out of phase, must be the resonant frequency. The arrangement sketched in figure 9 was thus used for determining the resonance frequencies for a series of different amplitudes.
A drum (Z>) with two slits (S) on opposite sides is fixed to the crankshaft (<7)]of the driving plunger (P) so th a t light from a strong electric bulb (B) passes through the slits a t the inner and outer dead centre positions of the plunger. This light is collected by a lens (not shown) and directed by a mirror (M) on to the crosswire and microscope ( 0) . Extraneous fight is kept out by screening.
/ (sec.-1)
Figure 7
When the apparatus is set in motion the crosswire appears in the microscope twice every cycle as a dark fine on the bright background. Though the time of the appear ance is only very short-a fraction of a millisecond-the image is retained long enough in the observer's eye to form a fairly steady picture. Normally then, two distinct fines are observed, one produced on the up-stroke and the other on the downstroke. As the phase difference between the driving plunger and the oscillating fluid increases, the two lines in the field of the microscope approach one another and when the phase difference reaches 90°, i.e. the resonance point, the two lines coincide.
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Figure 8
A t the resonance frequency the fluid (and with it the crosswire) goes through its zero position a t the moment when the driving piston is a t its inner or outer dead centre.
Vol. 183. a . Figure 10 shows the result of the experiment. The resonance frequency is shown plotted against the volume displacement of the driving piston. The increase of the resonance frequency is explained by the fact th a t the pressure changes in the air spring (capacitance) are isothermal only for very small amplitudes. For adiabatic pressure changes, the frequency has to be multiplied by 1*185 if y for air is taken as 1*4, and the curve is seen to approach this value asymptotically. Any small changes which may oocur in the inertance of the orifice with increasing amplitudes are hidden by this property of the air spring. From these results it seems fair to assume th a t theoretical formulae for the resonance frequency
under isothermal conditions and 1 !2ypr / r " 27rV Vp (4) under adiabatic conditions are substantially correct, irrespective of the amplitude of oscillation. The inertance, capacitance and resistance of the 'resonator' may now be cal culated. Let X be the volume displacement equal to displacement x x area of orifice A, then
The capacitance C X = A x -3*9Lr. A t the resonance frequency, the fluid is a t the zero displacement and rrm.yimnm velocity when the driving piston is a t its maximum displacement. Hence the pressure, responsible for the peak velocity, is th a t created by the full displacement of the driving plunger on the air spring. The displacement amplitude of the plunger is equal to the displacement amplitude in the orifice a t zero frequency and is denoted by X 0 in the table below. 
24-2
For small isothermal changes
where p is the pressure due to displacement X 0, p 0 the static pressure, and V the volume of air.
In figure 11 are shown against the pressure or resistance p also v2/2g and v\j2g, where v1 = v/0*62,
0*62 being the coefficient of contraction of the jet. vx is, in fact, the real velocity while v is the mean velocity over the orifice area. Considering the fact th a t all the kinetic energy of the oscillation is always lost with the jet, this result is to be ex pected. A contraction coefficient of 0*62 is in accordance with established experience for sharp edged orifices. 
( 8)
We are now in a position to write down the differential equation of the efflux through the orifice, defined by the initial conditions:
O
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The corresponding physical process is the sudden opening of the orifice w ith an initial displacement X q or an initial pressure on one side of the orifice. The solution of (10) may be arrived a t by putting
and (10) becomes
We now substitute
and get
The solution of (15) So the solution of (15) becomes S = -2i o + J and the solution of (13) W ith yQ determined from the initial conditions we arrive a t the solution of (10) in term s of X and X , t (sec.)
The volume current X returns to zero a t X = 2 period of negative current where (16) The calculation could be carried on in the same m anner b u t it is n o t really w orth while because, for the following small amplitudes, viscosity would have to be tak en into account. The next and final step is a graphical integration. To obtain X in term s of t we integrate
This becomes difficult where X nears zero. A t those points however the pressure and acceleration m ay be regarded as constant. This gives a parabolic displacem ent tim e curve which is easily calculated. The approxim ation is b etter th a n th e accuracy of a large-scale drawing. In figure 13 which shows the complete X-t curve, th e indeterm inate parts of the integration were filled in in this way. See also th e table below. The m ost notew orthy point about this efflux curve is the fact th a t th e greatest secondary am plitude of the displacement in the opposite direction to the initial displacement is, b u t for a fraction of 1 %, independent of th e initial displacement or pressure, provided, of course, th a t the la tter is large enough. I f we call this greatest secondary am plitude X x then we can w rite in good approxim ation Efflux through a circular orifice (18) provided we are dealing w ith a system where viscosity m ay be neglected. The other point is th a t, w ith the same lim itation, this process of discharge always ends in a damped oscillation, unlike its electrical equivalent, i.e. the discharge of a condenser through an impedance, which m ay become aperiodic. M /2 in (18), it will be noted, is a function of the orifice radius r only. From (7) and (9) 12 is a function of and r~4. By definition mass mertance = ;------reti (area)4
where l is the length of the equivalent pipe. From (2) M is proportional to p and r -1. Hence X x is proportional to r 3. W ith a pipe in place of the orifice, the calculation would rem ain the same and the constants only would have to be altered. The inertance of a pipe of radius r and length l against the circular orifice where Hence, w ith a pipe, the largest secondary am plitude would be proportional to length (including end corrections) and cross-sectional area. Though the secondary volume displacement is in the first approxim ation a function of the orifice radius only, the efflux time is also a function of the fluid density, as can be inferred from equation (16) . Thus the period, during which a depression exists in the experimental vessel after an efflux of w ater (see figure 13) would be more th an a thousand times longer th an the period of depression in a similar experiment carried out w ith air. Such comparisons, on a basis of density, are however only legitimate near zero am plitude where the compressibility of the gas can be neglected. I t was not found possible to obtain a complete experimental record of the dis charge process corresponding to figure 13 but visual observation confirmed the general character of the curve. The tim e from the opening to the greatest negative am plitude was found to be about J sec. The negative amplitude corresponded to the calculated figure as well as it could be observed in the very short time. Different initial displacement appeared to result in approxim ately the same peak negative displacements. The final oscillations died down more rapidly th an figure 13 would seem to indicate. No doubt this is due to the viscosity of the water.
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